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A collection ~ of r-subsets of  an n-set A is called a uni form cover with param- 
eters n, q, r, A if every q-subset of  A contains A of the elements of  0/. The 
collection of  all r-subsets of  6~ is a trivial uni form cover. It is known that for 
q > r > 1 fixed, there is an upper bound N(q, r) on the integers n for which there 
exists a nontrivial uni form cover with parameters n, q, r, A. Our  main result is an 
improvement of  the bound: 
THEOREM. For fixed q ~ r > 1, no nontrivial uniform cover exists for n >~ q + r. 
The method of  proof  is to exploit a very strong connection between uni form 
covers and a certain kind of tactical configuration called a design (here only; 
elsewhere, it is called a t-design). 
A collection ~ of r-subsets of  an n-set A is called a uniform cover with 
parameters n, q, r, A if every q-subset of  A contains A of the elements of ~. 
The set A is called the base of 0/. 
A collection M of k-subsets of  a v-set A is called a design with parameters 
v, k, t, )t if every t-subset of  A is contained in 2t of  the elements of  ~ .  
The elements of  M are called blocks of M and the elements of  A are called 
points. The usual term for these objects is t-designs, but we prefer to 
emphasize the similarity between uniform covers and designs. Here, too, 
the set A is called the base of M. 
Let ~ = {C1, C~ .... , Cb} be a uniform cover with parameters n, q, r, A. 
Then any q-subset D _C A contains A of  the C's. 
Let ~ = {Bi = A --  Ci [ 1 ~< i ~ b}. Then if E _C A is any (n --  q)-set, 
A - -  E is a q-set, so A - -  E contains A of  the C's, so E is contained in A 
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of the B's. The set M is a collection of  (n --  r)-subsets of  A, and is therefore 
a design with parameters v ----- n, k = n --  r, t = n --  q, )t. 
Conversely, if M is a design with parameters v, k, t, A, then the collection 
6g of  complements of  the blocks of ~ forms a uniform cover with param- 
eters n=v,  q=v- - t ,  r=v- -k ,  t. Thus these two concepts are 
closely related: This relation was noticed, in a special case, by Simmons 
in [7, Theorem 11, p. 195]. (In fact, a slight modification of  the definition 
allows one to prove that a uniform cover is a t-design [2].) 
This strong connection between uniform covers and designs allows 
concepts to be translated from each kind of structure to the other. In 
particular, we will find it convenient to define parameters, q, r, for designs 
by q = v --  t, r -~ v --  k, as well as parameters k, t for uniform covers 
by k = n - -  r, t ~ n --  q. Also, we speak of a uniform cover or a design 
on a set A to mean that A is the base. 
We call the parameter )t of  a uniform cover 0 / the  weight of 5 .  A 
subcover of a uniform cover 6g is a subset of  ~ that is a uniform cover with 
the same parameters n, q, and r, but maybe a different weight. A proper 
subcover of  6~ is a subcover that is a proper subset of  6g. Note that a 
subcover of  a uniform cover is proper if and only if the two weights differ. 
A minimal uniform cover is a uniform cover with no proper subcovers. 
Uniform covers (and hence minimal uniform covers) exist for every set 
of  parameters n, q, r with n ~> q ~> r >~ 0, by taking an n-set A and 
defining 0 / to  be the collection of all r-subsets of  A. The weight of this 
uniform cover is (~). We call this the trivial uniform cover with parameters 
n, q, r, and concern ourselves mainly with the existence of nontrivial 
uniform covers. 
The result obtained by Simmons is the following. Given q > r > 1, 
there are only finitely many values of  n for which nontrivial uniform 
covers exist. Furthermore, he derives an upper bound on such values of  n 
for given q, r. Our main theorem is an improvement of the bound: 
THEOREM. For f ixed q > r > 1, no nontrivial uniform cover exists 
for  n >~ q + r. 
COROLLARY. For f ixed k > t >/ 1, a nontrivial design with parameters 
v ,k , t ,  A has v > k q- t. 
Remark. One of the designs with v nearly equal to k + t is the design 
with parameters v = 12, k = 6, t = 5, A = 1 associated with the Mathieu 
group MI~. 
We will need the following important property of  designs in our proof  
of  the main theorem. It  may be found in [1, Sect. 1.1, Nos. 1-3, pp. 3-5], 
but is stated as we want it in [4, Lemma 2.1, p. 763] and [5, Sect. 2, p. 1010]. 
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PROPERTY 1. Let ~ be a design on A with parameters v, k, t, h, and let 
b be the number of blocks in ~.  Then for 0 ~ m ~ t, ~ is a design with 
parameters v, k, m, bin, where b,n(~)----b(~), In particular, b~ = )~, 
bo = b, and bm is an integer (it is this last fact that is crucial). 
An identity for binomial coefficients is also useful. We may prove it 
by counting the number of ordered pairs (B, C), where C _C B _C A, C is 
an a-set, B is a k-set, and A is a v-set: 
LEMMA 1. v k ~ v-a (a)l(a) = (k)l(k--a) f or all v >~ k ~ a >~ O. 
We write gcd for greatest common divisor, and make the conventions 
that it is always nonnegative and that gcd (0, x) = [ x [ for any x. 
We now turn to the proof  of the main theorem. We first reduce the 
theorem to a condition on binomial coefficients, and then examine the 
condition. The main theorem arrives as a corollary. 
THEOREM 1. Let  n > q > r > 1 be given. I f  the god of{(~), (q+l),..., (~)} 
is 1, then there is no trivial uniform cover with parameters n, q, r. 
Proof. Suppose we have a uniform cover with parameters n, q, r, ~. 
We will show that )t = (~), so that the uniform cover is trivial. 
We consider the design corresponding to the uniform cover. We have 
v ---- n, t = n -- q, k ---- n --  r. F rom Property 1 of designs we have 
and for 0 ~ m ~< t, Lemma 1 gives 
k v v k v k (,)(m)/(m)(,) 
- -m v - -  
= = r 
Therefore, for v >~ I v m >~ q v t, bm ~ q . . . . .  A(r)/G) is an integer. 
In particular, (~) divides gcd{)~(~) [ q ~< 1 ~< v} = A gcd{(~r) I q ~< l ~< v} = A, 
and since we know A ~< (~), we are done. 
We now consider the problem of determining when the gcd above is 1. 
The answer is given by the following result, of  interest in its own right. 
THEOREM 2. Let  q ~ r ~ 1, l ~ O. Then gcd{(q+i) I 0 ~ i ~ l} =gcd  
{(r-qi) I 0 ~ i ~ l} (where the usual convention (~) = 0 for s < 0 applies). 
226 CHRISTOPHER LANDAUER 
Proof. We need a binomial identity from [6, Eq. (5a), p. 8], which 
reads: For  all n >/m ~> p, 
k~>o m 
where we make the usual assumption that (~.) = 0 for k > p. In particular, 
the summation extends over 0 ~< k ~< p. 
We note first that if ~ = (a0 ..... a3 and 3 ---- (bo ,..., b3 are (l + 1)- 
tuples of integers, and if A is any (l + 1)-square matrix of integers with 
~A ----/~ and det A = -4-1, then gcd(a0 ..... a~} = gcd(b0 .... , bz), where we 
make the convention that any gcd is to be nonnegative. 
We let ai = (q+i) for 0 ~< i ~< l, Aj~ ---- (--1)~+J(~) for 0 ~< i, j ~ l. By 
our convention on binomial coefficients, Aj~ = 0 for i < j, so A is upper 
triangular, and since A ,  ---- 1 for all i, det A = 1. It  remains only to 
evaluate the b's. 
Now 
b~ = ~ ajA. = a;A. = ~ (--1)~+J q + i 
j=O j=O j=o r 
i 
= ~ (__l)i_ ~ (q + i)( i ) 
5=0 r i - -  j " 
The identity from [6] applies now, with p ---- i, m = r, n = q + i, and 
k = i - - j ,  since 0 ~k  ~p~0 ~i - - j~<i - *~0 ~<j~<i .  This gives 
so that 
b~= (r q for O <~ i <~ l, 
q ')I gcdl(r) ..... (q+r 
and we are done. 
q , - , ) I ,  = gc~ l(r),... (r q 
COROLLARY (Main Theorem). n >~ q + r => A : (~). 
Proof. We have 
n >~q + r ~ l >~r 
q, 'tI = ~cd l(ql ..... (~  ,)I = l, - -  gcd l (r)  .-., ( q+ 
r 
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by Theorem 2, since the set {(qr),..., (fl-~)} contains (g) = 1. This implies 
A ---- (~) by Theorem 1. 
Remark. The condi t ion n >/q  + r is not  necessary: for  q = 6, r = 3, 
n = 8, the gcd of  {(~), (7), (s)) = gcd{(~), 0 ,  (16)} = gcd{20, 15, 6) = 1, 
so there are only trivial un i fo rm covers. 
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